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In this problem set you will analyze a type of free radical that is commonly used in EPR spec-

troscopy: a nitroxide. The chemical structure of one such nitroxide—TEMPO—is shown below:

The unpaired electron of a nitroxide (indicated with the point below the oxygen atom in the above

figure) is largely localized to the N–O bond, with roughly 50% of the spin density closer to the oxygen

atom and the other 50% closer to the nitrogen atom. The nucleus of the naturally abundant isotope

of nitrogen (14N) has a nuclear spin which interacts with the spin of the unpaired electron. In this

problem set, you will consider only the isotropic part of the hyperfine interaction between the two

spins.

If you wish, you can access the iPython notebook of this problem set at

https://colab.research.google.com/drive/1DRGj3ru5ZqprSWpz2vmg4PIJQzxQhJ4K?usp=sharing.

1 Zeeman interaction

As you know from the lecture, the interaction of the magnetic moment of a spin with an external

magnetic field is referred to as the Zeeman interaction. Its corresponding Hamiltonian operator is

ĤZ = −~̂µ · ~B. (1)

The eigenvalues of this operator give the energies of the different spin states in the external field.

Taking the direction of the applied magnetic field to define the z-axis of the coordinate system,

we can write the magnetic field vector as

~B = (0, 0, B0). (2)
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Then, the Zeeman Hamiltonian becomes

ĤZ = −~γB0Ŝz, (3)

where γ is the gyromagnetic ratio of the spin and Ŝz is the z component of the spin operator.

a) Larmor frequency

The product of the gyromagentic ratio and the magnetic field has units of angular frequency.

Defining the spin Larmor (angular) frequency

ω0 = −γB0, (4)

we can write the Zeeman Hamiltonian as

ĤZ = ~ω0Ŝz. (5)

This expression is valid for both nuclear and electron spins.

The gyromagnetic ratio of the nucleus of 14N is

γn = 1.9331 × 107
rad

s T
. (6)

Calculate the Larmor frequency ω0,n of its nuclear spin in a magnetic field with B0 = 1 T.

How does this frequency compare with the Larmor frequencies of a proton (ω0,p) and an electron

(ω0,e) in the same magnetic field?

b) Energy levels of spin I = 1

Unlike the spins of the electron and the proton, the spin of the nucleus of 14N equals one (i.e.,

I = 1). For spin one, the matrix representation of the z component of the spin operator is

Îz =


1 0 0

0 0 0

0 0 −1

 . (7)

Using this matrix in the Zeeman Hamiltonian

ĤZ,n = ~ω0,nÎz, (8)
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determine the energies of the three possible spin states with spin quantum numbers mI = −1, 0, 1.

(Do not use the numerical value of ω0,n but keep this frequency as a symbol.)

Draw the energy-level diagram of the nuclear spin of 14N. What are the energy differences between

the levels? Pay attention to the fact that ω0,n is a negative number.

2 A system of one electron and one nuclear spin with I = 1

a) Zeeman interaction

In the case of a nitroxide, both the spin of the unpaired electron and the spin of the nitrogen nucleus

interact with the applied magnetic field. The Hamiltonian describing the Zeeman interaction of

the system of these two spins is thus

ĤZ = ĤZ,e + ĤZ,n = ~ω0,e Ŝz ⊗ 1̂I + ~ω0,n 1̂S ⊗ Îz, (9)

where 1̂S is the 2 × 2 identity matrix, 1̂I is the 3 × 3 identity matrix, and ⊗ denotes the direct

product of two matrices.

Write down the matrix representation of this Zeeman Hamiltonian. (Hint: It is a 6 × 6 matrix.)

Use the diagonal elements of this Hamiltonian to draw the energy-level diagram of the system

composed of one electron spin and one 14N spin. When showing the six possible levels along the

vertical (energy) axis, pay attention to the fact that ω0,e is positive while ω0,n is negative.

Which transitions between these energy levels lead to an EPR signal?

Which transitions lead to an NMR signal?

b) Isotropic hyperfine interaction

In addition to their Zeeman interaction with the external magnetic field, the two spins on a ni-

troxide also interact with each other. Here, you will account for the isotropic hyperfine interaction

between them, which is described by the Hamiltonian

Ĥiso = aisoŜz ⊗ Îz. (10)

Write down the matrix representation of this Zeeman Hamiltonian. (Hint: It is a 6 × 6 matrix.)

Add this Hamiltonian to the Zeeman Hamiltonian from part a) to obtain

Ĥ = ĤZ + Ĥiso. (11)
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The eigenvalues of this Hamiltonian correspond to the energies of the six possible spin states.

Assuming aiso is positive, indicate how the energy levels from part a) shift due to the isotropic

hyperfine interaction.

Observe how the shifts in the energy levels modify the EPR transitions that you identified in part

a).

c) EPR spectrum of a nitroxide

Sketch the EPR spectrum of a nitroxide, assuming that the spin of the unpaired electron and the

spin of 14N interact only through the isotropic hyperfine coupling that you analyzed above. On

your sketch, indicate the positions of the EPR lines and the separations between them.
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