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1 Dipolar interaction

As you know from the lecture, in the high-field approximation the dipolar interaction between two

spins S and I is described by the Hamiltonian

Ĥhf
dip(θ) = Ddip

1
r3

(3 cos2 θ − 1) Ŝz ⊗ Îz,

where the meaning of the geometric parameters r and θ is shown in the following figure.

In Problem Set 4 you got familiar with the prefactor Ddip. Specifically, you calculated Ddip for (i)

one electron spin and one proton spin and (ii) two electron spins. You also observed how increasing

the distance between the two interacting spins affected the strength of their dipolar coupling.

Here, you will examine the prefactor (3 cos2 θ−1), which contains the angle θ between the external

magnetic field (in the z direction of the laboratory coordinate frame) and the vector pointing from

one of the spins to the other.

a) Spectrum of randomly oriented, frozen spin pairs

In a “powder” sample, the spin pairs S-I that are engaged in a dipole-dipole interaction have

random spatial orientations. The magnetic resonance spectrum from such a sample is known as a

“powder spectrum”. This exercise aims to illustrate the geometric factors that lead to a powder

spectrum.
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When the inter-spin vector ~r makes an angle θ with the applied magnetic field, the dipolar inter-

action between the spins shifts the resonance frequency by an amount proportional to

f(θ) = 3 cos2 θ − 1. (1)

In fact, for every shift of the resonance frequency (e.g., to the right) by an amount proportional

to f(θ), there is another resonance that is shifted (e.g., to the left) by an amount proportional to

−f(θ).

To examine the magnitude of these two symmetric shifts of the resonance frequency, which are

caused by the dipolar interaction between the spin pairs S-I, I will now plot the functions +f(θ)

and −f(θ) for different geometries with θ ∈ (0, π).

To repeat, for any given orientation θ, the value of f(θ) determines how far the resonance frequency

will be displaced from its reference position in the absence of the dipolar interaction.

From the plot above (blue line), we see that for θ = 0◦ the displacement of the resonance frequency

is 2 units, while for θ = 90◦ the resonance frequency shifts by −1 units (i.e., it shifts in the opposite

direction). Naturally, for intermediate values of θ the shift of the resonance frequency is between

2 and −1 units, as determined by the blue line. (Analogous considerations apply to the symmetric

shifts represented by the orange line.)

However, in a powder sample with randomly oriented spin pairs, all values of θ are not equally

likely. While each of the geometries with θ = 0◦ and θ = 180◦ can be accomplished in only one

way, there are many different spatial arrangements with θ = 90◦. The probability density that a

random orientation has a specific value of θ is

p(θ) = sin(θ). (2)

Let me plot this function.
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As expected, the probability density is largest around θ = 90◦, because the inter-spin vector ~r can

be perpendicular to the magnetic field in many different orientations of the spin pair. In contrast,

the probability for θ = 0◦ and θ = 180◦ is vanishingly small because there is a single geometry in

which ~r is, respectively, parallel and antiparallel to the magnetic field.

Next, I will plot the shift of the resonance frequency on the horizontal axis and the probability

density on the vertical axis.

Because for every shift (e.g., to the right) by f(θ) there is an associated shift (e.g., to the left)

by −f(θ), I will make one plot with f(θ) on the horizontal axis, and one plot with −f(θ) on the

horizontal axis. In both cases, I will plot the probability p(θ) on the vertical axis.

Before I proceed, I notice from the plots above that for θ ∈ (90◦, 180◦) the functions f(θ) and p(θ)

take the same values as for θ ∈ (0, 90◦). To simplify the plots, I will therefore consider only values

of θ in the interval (0, 90◦).

This figure reflects the fact that shifts of the resonant frequency by 2 units (either to the left or

to the right) are less likely, whereas shifts by −1 unit (to the right and to the left) are more likely

in a powder sample.
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Thus, the contours of the area enclosed in the above figure give an indication of what the powder

EPR spectrum would be if one would sweep the frequency at constant magnetic field.

While suggestive, the above analysis is NOT fully correct. The problem is that I continued to

consider only the probability density p(θ) = sin θ even when plotting the frequency shift f(θ) on

the horizontal axis (as opposed to having θ on the horizontal axis). In fact, when the variable on

the horizontal axis is rescaled in some way, the probability density should be changed accordingly,

such that the probability density in the new variable, e.g., ω, satisfies

p(ω)dω = p(θ)dθ. (3)

Thus, when I have

ω = f(θ) = 3 cos2 θ − 1, ω ∈ (−1, 2) (4)

on the horizontal axis, I have to use the probability density

p(ω) = p(θ)

∣∣∣∣ dθdω
∣∣∣∣ . (5)

To calculate this probability density, I first calculate the derivative

∣∣∣∣dωdθ
∣∣∣∣ = 6 cos θ sin θ. (6)

Substituting in the expression for the probability density, I get

p(ω) =
sin θ

6 cos θ sin θ
=

1

6 cos θ
. (7)

Finally, I need to express cos θ in terms of the new variable ω. From the definition of ω, I find

3 cos2 θ = ω + 1, (8)

which gives me

cos θ =

√
1 + ω

3
. (9)

Hence, the correct probability density in the frequency-shift variable ω is

p(ω) =
1√

12(1 + ω)
, ω ∈ (−1, 2). (10)

Let me plot this function.
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As discussed above, to every resonance frequency that I just calculated corresponds another res-

onance frequency that is shifted in the opposite direction. To account for those frequencies, we

also need to consider the frequency-shift variable

ω = −(3 cos2 θ − 1), ω ∈ (−2, 1). (11)

Follow the same steps as above to show that the probability density in this case is

p(ω) =
1√

12(1− ω)
, ω ∈ (−2, 1). (12)

Including this function in the above plot we get

I have also plotted the sum of the two probability densities with a black line. Since the measure-

ment does not care to which class a resonant frequency belongs, it will report on all resonances.

Hence, we expect the powder EPR spectrum to look like the black line.

As you know from the lecture, the spectral shape that the black line depicts is known as a Pake

pattern.
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b) Spectrum of dipolar-coupled spin pairs that rapidly sample all orientations

In the powder spectrum analyzed above, the orientations of the spin pairs with respect to the

magnetic field were frozen in the sense that they did not change with time. In a liquid sample,

which contains small-molecule nitroxide radicals for example, the dipolar-coupled S-I pairs un-

dergo rapid rotational diffusion. As a result, the spins experience an average dipolar interaction,

where the averaging is over all angles θ ∈ (0, π) with probability density p(θ) = sin θ.

Calculate the average dipolar interaction in a liquid by performing the integral

favg =

∫ π

0
(3 cos2 θ − 1) p(θ)dθ. (13)

Hint: Note that this integral simplifies if you work with the variable

u = cos θ (14)

for which

du = − sin θ dθ. (15)

In terms of this variable the integral that you need to calculate becomes

favg =

∫ 1

−1
(3u2 − 1) du. (16)

On the basis of your calculation, comment on the shift of the resonance frequency that would be

observed in the case of rapidly orienting pairs of dipolar-coupled spins.

2 Anisotropic g tensor

In this exercise you will consider a free radical whose g tensor (in some molecular system of coordinate

axes) is

g =


gxx

gyy

gzz

 , (17)

with

gxx = 2.008, gyy = 2.006, gzz = 2.003. (18)

Calculate the spectral width (in units of magnetic field) of the powder spectrum of this radical at

a microwave frequency of 9 GHz (X-band).

6



Sketch the expected powder spectrum when the horizontal axis corresponds to the magnetic field.
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